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Abstract. Animal breeding involves directing the next generation’s ge-
netics and phenotypic traits towards animal health and financial profits
for the production system, using essentially two strategies: the selection
and the mating systems. The mating system aims to provide a set of
sire-dam pairs, producing the best animals according to some selection
criteria and a mating strategy for the animals chosen for reproduction.
This paper presents an R-package to compute the best pairing scheme
to obtain optimal polynomial-time solutions for either mating between
peers or compensatory mating. The algorithm for optimal mating runs
in worst-case O(nm)-time while the compensatory mating takes O(m?),
where n is the number of sires and m is the number of dams.
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1 Introduction

The growth of the world population, estimated at 9.8 billion by 2050
(https://population.un.org/wpp/), will determine a greater demand for food,
implying new challenges for livestock production systems, in the sense of pro-
ducing more with fewer resources in a scenario where water availability and
land will be increasingly scarce. One way for producers to meet the demand for
meat and maintain competitiveness in the international market is to improve
the herds’ genetic potential to produce better results [12].

Animal breeding involves directing the next generation’s genetics and phe-
notypic traits towards animal health and financial profits for the production
system, using essentially two strategies: the selection and the mating systems
[11][10]. The selection process chooses the best animals to reproduce, increasing
the frequency of desirable characteristics and decreasing the undesirable ones
[18][6]. The selection process often relies on a selection index — a set of mea-
surable traits weighted by their relative importance, allowing the expression of
an animal value by a single number [20][1][23]. The mating system aims to pro-
vide the best possible combination of sire-dam pairs, producing the best animals
according to the index selection and the defined mating strategy [21].

* This work was partially funded by FAPERGS, grant number 21/2551-0000958-6.
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The mating system configured so that the best males reproduce with the
best females and, consequently, the worst males reproduce with the worst fe-
males is called mating between peers. That strategy obtains exceptional animals
regarding the selection index. On the other hand, a compensatory or correc-
tive mating strategy seeks to bring more homogeneity within the population by
pairing individuals differing in performance. Mating between peers increases the
endogamy within the herd, while the compensatory mating strategy produces
more genetically diverse individuals [3].

Algorithms for finding the best mating strategy often rely upon some meta-
heuristic approach [24], particularly genetic algorithms [4][16][2][5][15]. We have
recently proven that optimal exact polynomial-time algorithms can solve both
the mating between peers and the compensatory mating problems. The first
problem by an optimal greedy strategy [13] and the latter by a polynomial-time
reduction to the minimum assignment problem in weighted bipartite graphs [14].
The compensatory mating problem solution relies on the output of the optimal
mating algorithm, assuring that the compensatory strategy is also optimal in
the sense of having the maximum possible solution value.

This paper presents the algorithms derived from those two previous theoret-
ical results. Specifically, we have built an R-package to compute the best pairing
scheme to obtain optimal mating. The package builds optimal pairing schemes for
both mating between peers and compensatory mating. The algorithms assume
the existence of a selection index, but the actual calculation is unimportant. The
algorithms receive as input: (i) a spreadsheet containing all animals selected for
breeding and their respective trait values, (ii) a spreadsheet containing the val-
ues of all animal pairs’ coancestry, (iii) a selection index consisting of a list of the
considered traits and their respective weights, and (iv) the maximum number of
times each male is allowed to mate. The algorithm returns the list of female-male
pairings that maximizes the next generation’s expected value accordingly to the
established mating goal. The algorithm for optimal mating runs in O(nm)-time
while the compensatory mating takes O(mn + n2logn) worst-case running time,
where n is the number of sires and m is the number of dams.

The rest of the paper is organized as follows: Section 2 formalizes the concepts
of selection index, mating pair contribution, and the optimal compensatory mat-
ing assignment problem. Section 3 presents the main package features, as well as
the set of tools we have used to develop the R package. Section 4 presents and
discusses the results, and Section 5 concludes the paper.

2 Problem formalization

A selection process intends to elect the animals to become the next generation
parents [26][23][25][10]. The selection process analyses the herd’s genetic/eco-
nomic values and phenotypes of genetic/economic interest. The value of each
animal is computed from a selection index, chosen accordingly to the elicited
breeding objectives. A selection index expresses the relative reward/punishment
of each trait to consider in the breeding ahead. Formally, a selection indez is a
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pair Z = (T, w) where T is a set of animal traits and w : T — R is the index
weighting function.

Given a selection index Z, the individual value of each animal a € A is the
sum of its individual characteristics’ values weighted by the relative importance
of each characteristic accordingly to Z. Formally, an individual value can be
computed by the summation given in (1), where v : T'x A — R outputs a € A’s
value for each trait ¢ € T. When the selection index is understood from the
context, we write ¢(a) instead of % (a).

Ha) =Y vlka)-w(k) (1)

keT

The mating contribution is the average of both parent’s individual values,
except when they have a co-ancestry above an acceptable level. The breed of
related animals shrinks genetic diversity and leads to undesirable health issues.
Inbreeding strategies are helpful to fix a desirable phenotype within a population,
but it is usually undesirable in the mating process. Animal breeding programs
control the degree of kinship amongst animals, making them available to produc-
ers and researchers. As in the case of traits, databases or spreadsheets maintain
animal kinship information. We assume that the producer can choose whether
inbreeding is acceptable and, if so, to what degree. Definition 1 inserts that idea
into the calculation of mating pairs expected offspring contribution value.

Definition 1 (Mating contribution). Let A = SU D be a set of animals,
where S is the set of sires and D is the set of dams, with SN D = 0, T be
a selection index, r : Ax A — R*Y be the degree of which two animals are
related, and | be the mazximum inbreeding threshold. The mating contribution
m:58%xD—=RofasireseS and a dam d € D is computed as follows:

SOURS SR @)

where T is the individual contribution of each animal, given selection index T.

The mating contribution gives the expected offspring trait values of each
dam/sire pair, which is the average of both parents’ contributions unless the
couple’s kinship is above the acceptable inbreeding threshold.

The above definitions allow us to define the problems we intend to tackle.

Definition 2 (Optimal mating assignment problem).

Input: A tuple (S,D,Z,m,max) where S is a set of sires, D is a set of dams,
7 is a selection index, w: S x D — R is a contribution function computed as in
Definition 1, and max : S — N is a function expressing the use limit of each sire
in the mating process.

Output: A function b* : D — S obeying the use limit for each sire, i.e. for
each s € S we have that |{d | b*(d) = s}| < max(s), and such that the sum
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> aep T(b*(d),d) is mazximal, i.e., for each other function b: D — S obeying the
sires’ use limit we have that

> w(b(d),d) < Y w(b*(d),d) (3)

deD deD

Definition 3 (Optimal compensatory mating problem).

Input: A tuple (S, D, 7,b*) where S is a set of sires, D is a set of dams, w is the
contribution function (Eq. (2)), and b* : D — S is an optimal mating function
given as the solution of the optimal mating assignment problem (Definition 2).
Output: A function b¢ : D — S with the same total value as b*, i.e.,
Yokep T(b(k), k) = > cpm(b*(k), k), and such that the solution variance is
minimum. le, for any other function ' : D — S with ), ., 7(b'(k), k) =
> rep T(0*(K), k) we have that

1 , 9 1 . )
EZ(w(b (d),d) — ppr)? < ﬁdez;)(w(b (), d) — pape) (4)

deD

[13] presents and discusses several theoretical results on the problem of
optimal mating, including necessary and sufficient conditions for a result to
exist. A greedy heuristic for the problem is proven to be correct and opti-
mal, provided a solution to the problem exists. An algorithm resulting from
that heuristic can perform in O(|M|.|F|) polynomial-time and takes advantage
from the contribution of animals to the future offspring being an arithmetic
mean. lLe., given two mating pairs (s1,d1),(s2,d2) € S x D, we have that
w(s1,d1) + w(s2,d2) = 7w(s2,d1) + 7w(s1,d2), as long as the maximal accepted
inbreeding threshold is not exceeded between pairs (s2,dq) and (s1,ds).

[14] analyses and discusses theoretical results concerning the optimal com-
pensatory mating problem. Particularly, we have shown that the result from the
optimal mating problem can be the basis for a solution for the compensatory
mating problem while retaining the solution’s optimality. The article proves that
any solution involving the same males has a constant average value, regardless
of the females involved in reproduction. Thus, we can compute the minimum
variance of possible reproduction schemes without having to recalculate the av-
erage of each of them. This result allows us to model the problem as an instance
of the assignment problem in weighted bipartite graphs, which has a polynomial
algorithmic solution. The corresponding reduction is proven correct in the text
of the article.

A reduction [7] from problem A to problem B defines an alternative algorithm
for solving problem A using the solution for problem B. Therefore, we have a
polynomial-time algorithm to solve the problem of compensatory mating, using
an algorithm for the assignment problem in weighted bipartite graphs. The R
package presented in this paper contains an implementation for the theoretical
result previously presented.
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3 The OMA package

The OMA (for optimal mating assignment) package implements algorithmic so-
lutions for the problems listed in Definitions 2 and 3. The user can invoke two
functions for calculating the mating system between equals and the compen-
satory mating system. The functions are, respectively, OPTIMALMATINGSELEC-
TION and COMPENSATORY MATING.

The functions receive each selected animal’s value, respecting the selection
index and the matrix of co-ancestry between any two animals. Since that in-
formation has an external source, the functions ”build_mating_values” and ”b”
build the necessary data structures from CSV files.

The user interface package functions are the following:

LoADCOANCESTRY VALUES

Parameters:

CSVFile Animals’ ancestrality data file name. The file must have the
CSV format (comma-separated values) with three columns:
identification of the animal, identification of the mother, and
identification of the father.

CSVsep File separation character (colon or semicolon).

CSVHeader Indication whether the file has a header (true or false).

The LOADCOANCESTRY VALUES function receives the file containing the an-
imals’ co-ancestrality data as input. It returns a two-dimensional data frame
containing the calculated co-ancestrality values for each pair of animals. The
calculation process uses the R package 'pedigree’ [8]. If the user wants another
calculation, he can build the co-ancestry matrix in the same format returned by
this function and use it further as needed.

LOADTRAITVALUES

Parameters:

FileCSV Animals’ trait values file name. The file must have the CSV
format (comma-separated values) with as many columns as
needed, being the first the identification of the animal. The
other columns should contain the trait values identified in the
file header. Those names will be used to identify the traits
belonging to the selection index.

CSVsep File separation character (colon or semicolon).

The file with the values of each measured trait of the animals must have a
header identifying the traits’ names. The selection index can contain any subset
of existing traits with the desired weighting. If the trait name in the selection
index does not exist in the file, the function issues a warning to the user, ignoring
it in the selection index. The function returns a data frame containing the file
contents.

LOADSELECTEDANIMALS
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Parameters:

FileCSV List of animals selected for reproduction. The file must have
the CSV format (comma-separated values) containing the
identification of each animal, its sex, and the maximum num-
ber of times it should be used for reproduction.

CSVsep File separation character (colon or semicolon).

CSVHead Indication whether the file has a header (true or false).

sexID Array of two positions indicating how male and females are

designated in the file’s second column.

The LOADSELECTEDANIMALS identifies the actual animals chosen for repro-
duction. Notice that the user can maintain genetic information and perform trait
measurements for all their animals. However, not all animals typically partici-
pate in the breeding process because they are too old, too young, or do not
have the necessary qualities. The last parameter, sexID, makes easier to use the
function without having to alter the original files. The function returns a list
containing each animal’s identification, sex, and reproductive limit, in the form
of an R data structure.

he reproductive limit must exist to assure that physical limits are not ex-
trapolated and maintain the herd inbreeding limits at check.

BUILDCONTRIBUTIONMATRIX

Parameters:

Sellndex The selection index is a data frame containing the trait name
and relative weight (a real number). The trait name must be-
long to the list of trait values loaded by the function LOAD-
TRAITVALUES.

Selected Animals List of animals selected for reproduction, using the same

identification from the loaded files, identified as male of fe-
male, with their reproductive limit.

TraitValues Data frame returned by the function LOADTRAITVALUES or
a similar structure provided in another way by the user.

AncestryMatrix The ancestry matrix is the value returned from the function
LOADCOANCESTRY VALUES or a similar structure provided in
another way by the user.

InbreedingThreshold Threshold value for related individuals.

The BUILDCONTRIBUTIONMATRIX function organizes the data correctly so
that the greedy heuristics can assure the optimal mating solution. It also builds
the data structure to recuperate the original animals’ identification to present a
solution that makes sense to the end-user.

The role of this function is to organize the data so that the algorithms perform
efficiently. First, the algorithm performs the computation of individual values,
for all animals, according to the selection index (Eq. (1)). The animals are then
separated into males and females and ordered by the computed selection index
value, from the highest to the lowest.
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The contribution matrix organizes the males in lines and the females in
columns, according to their order. The contribution matrix is filled with the
expected contribution value of each pair from the data passed in the last three
parameters (Definition 1), ensuring that related animals above the kinship limit
will not belong to the solution. This array, with the contribution values of each
pair, is the data returned by the algorithm.

OPTIMALMATINGSELECTION

Parameters:

ContributionMatrix A n X m matrix, where n is the number of sires and m is
the number of dams, returned from function BUILDCONTRI-
BUTIONMATRIX, or built in a way that assures the sires and
dams are ordered by their individual values.

maxUsage A n-element vector containing each sire maximum use, in the
same order the sires appears in the first parameter.

The OPTIMALMATINGSELECTION function implements the greedy heuristic
presented in [13]. The algorithm traverses the contribution matrix, assigning
each dam to a sire, starting from the dam with the highest value (position 1)
in the direction of the one with the lower value. The sire chosen is always the
one with the highest selection value that has not yet reached its limit and is
unrelated to the dam.

If the algorithm fails in founding a sire for a dam, it searches for the second-
best possible choice by scanning all dams already allocated to a sire. If the
best-valued allocated sire matches the left-out dam, the algorithm changes the
allocations. If there is a solution to the problem (i.e., if it is possible to pair any
female to some male, respecting their maximum use), the algorithm returns the
best possible solution.

The algorithm OPTIMALMATINGSELECTION returns a m-sized array, with
the sire index chosen for each dam.

COMPENSATORYMATING

Parameters:

ContributionMatrix A n X m matrix, where n is the number of sires and m is
the number of dams, returned from function BUILDCONTRI-
BUTIONMATRIX, or built in a way that assures the sires and
dams are ordered by their individual values.

OptimalAssignment  The solution returned by the algorithm OPTIMALMATINGS-
ELECTION.

The COMPENSATORYMATING algorithm begins by counting the number of
times each sire is used for reproduction, according to the its second parameter.
Then it builds a bipartite graph [9], with the set of dams as its left side. The right
side contains the same number of nodes as the left side, with sires appearing the
same number of times they appear in the optimal solution. The bipartite graph is
complete, i.e., all left nodes are connected to each of the right nodes. The graph
edge is labelled with the value (m;; — u)?, where 7;; is the pair (j,4) mating
value, and g is the solution average computed from the contribution matrix.
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The assignment problem in weighted bipartite graphs consists on finding the
surjective set of arcs with domain in the left side and codomain in the right side
whose sum is minimum. [14] shows that is equivalent to minimize the mating
solution’s variance.

The problem is solved with R package ReppHungarian [22], which applies
the the Kuhn-Munkres algorithm (also known as the Hungarian method) [17,19].
The algorithm complexity O(mn + n?logn), with n being the number of dams
|D| and m = |D|?. Therefore, the complete procedure is cubic in the number of
dams.

The algorithm COMPENSATORYMATING returns a |D|-sized array, with the
sire index chosen for each dam.

4 Results and discussion

A database containing 1366 animals (Brangus cattle) with 511 males and 855
females served to test the algorithms. The EMBRAPA Southern Livestock pro-
vided all data.

We have conducted the tests within the R Studio IDE
(https://www.rstudio.com/), using version R interpreter version 4.1.3 for
Windows. The hardware used is a AMD Ryzen 7 2700X 8 cores 16 threads
3.7 GHz, 16 GB DDR4 2666 MHz RAM, Microsoft Windows 11 x64 operating
system. Python’s libraries Seaborn v. 0.11.2 and Matplotlib v. 3.5.1 produced
the graphics presented below.

The algorithms’ average execution time calculation runs them with the same
input five times in a row. Although the algorithms are deterministic, we did that
to ensure machine idiosyncrasies did not take part in the produced values.

The first experiment fixed the number of males and varied the number of
females, adding 30 females to each run. The second experiment did the opposite,
fixing the number of females while varying the number of males, incrementing 20
to each execution. Fig. 1 shows the results for the OPTIMALMATINGSELECTION.
The image on the left shows the execution time changing as the number of
females increases, while the one on the right shows the execution time changing
as the number of males increases.

The portrayed function on the left suggests a linear growth in the execution
time if we add more males to a fixed number of females. A linear function is
consistent with the algorithm operation: sires with lower values will possibly
never be chosen if added. Correspondingly, adding quality sires makes the algo-
rithm find them first, passing immediately to the next female. In both cases, the
execution time should not change much.

The graphic on the right shows a quadratic function, as expected from the
theoretical results. Adding more females makes the contribution matrix bigger,
and the recalculations from the kinship restrictions are dependent on the number
of females. Notice that, unlike the case with more males, adding more females
makes the last need to search for males with lower contributions values. Hence,
the algorithm traverses more lines than in the settings with fewer dams. The
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maximum reproduction limit plays a significant role in the execution time: the
bigger the value, the fewer matrix lines need to be considered.

Fixed females (855), varying males Fixed males (511), varying females
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Fig. 1. OPTIMALMATINGSELECTION average execution time

Fig. 2 portrays the execution time values for the COMPENSATORYMATING
algorithm, using the same method described above. The image on the left shows
how the execution time varies as the number of males increases, while the one
on the right shows the variation with adding more females.

As predicted by the algorithm complexity analysis, the execution time varies
only with the number of females. The linear variation in the number of males
reflects the time needed to execute the optimal mating algorithm, whose solution
serves as input to the compensatory mating program. However, as the number
of females increases, the execution time shows the expected cubic O(n?) form.

Although polynomial, a cubic-time algorithm runs slowly compared to linear
or quadratic ones. An O(n?)-algorithm can compute ten thousand elements in a
matter of seconds, while a O(n?®) one would take several minutes to do the same.
If the input size goes to hundreds of thousands, the quadratic algorithm would
still take seconds to run, albeit the cubic would need several days. However,
the algorithms we have presented here are exact, different from meta-heuristic
approaches that do not assure the optimal result. Given the economic impact of
an optimal algorithm, processing of huge herds’ data could still occur in time
for a proper, optimal mating strategy.

5 Conclusion

Livestock production systems form the basis of the economic activity in many
South American regions, including Argentina, Brazil, and Uruguay. Meat quality,
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Fig. 2. COMPENSATORYMATING average execution time

animal health, and financial profits depend on genetic and phenotypic charac-
teristics, maintained and evolved throughout generations by employing animal
breeding systems. The selection and the mating systems are at the core of animal
breeding.

We have presented an R package with exact algorithms for optimal and com-
pensatory mating, given a set of animals chosen for reproduction. The algorithms
rely on a selection index, which can be customized to meet the breeding goals.
A limitation on the co-ancestry level between mating pairs meets inbreeding
restrictions requirements.

The algorithm for optimal mating tends to provide a solution reflecting mat-
ing between peers. A compensatory strategy with the same selection value as
the former appears on the algorithm for compensatory mating. Both algorithms
have a polynomial worst-time execution, ensuring no meta-heuristic approach is
necessary.

The compensatory mating algorithm uses the Kuhn-Munkres algorithm. We
are currently investigating the existence of a more efficient algorithm to solve it
by analyzing the problem characteristics. We are also studying the co-ancestry
minimization problem using the same theoretical approach to build efficient al-
gorithms to combine the multi objectives of breeding in the same framework.
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